S. 2. If $TM|_{p}T$ then
$T_{T^{*}}^{*}|M_{T^{*}}$ . (Morita) S. 3. Let $T$ be commutative. If $\tau M|_{T}T$ and $TM$ is faithful, then $\tau T|_{T}M$ .
(Auslander-Buchsbaum-Goldman) S. 4. Let (and conversely). (M\"uller) S. 5. Let In [22] , $A/B$ was called a G-Galois extension if $G$ is finite and there are elements $a_{1},$ $\cdots,a_{n}$ ; $a_{1}^{*},$ $\cdots,a_{n}^{*}$ in $A$ such that $\sum_{i}a_{i}\cdot\sigma(a_{l}^{*})=\delta_{1.\sigma}(a\in G)$ . In this paper, $A/B$ is called a finite G-Galois extension if $A/B$ is G-Galois and $t_{G}(c)=1$ for some $c$ in $A$ . Then, the following are equivalent:
(a) $A/B$ is finite G-Galois.
(b) $G$ is finite, $A_{B}\sim B_{B}$ and $j:\Delta\simeq End(A_{B})$ .
(c) $G$ is finite and $A\Delta\sim_{A}A$ .
(Cf. S. 1, S. 2, [6] and [21] ).
$A/B$ is called a locally finite G-Galois extension if there are fixed normal subgroups $N_{\lambda}(\lambda\in\Lambda)$ of $G$ which satisfy the following conditions: (1) $(G:N_{\lambda})<\infty$ , and $A^{N_{i}}/B$ is a finite $G/N_{\lambda}$ -Galois extension. (2) $A=\bigcup_{\lambda}A^{N_{\lambda}}$ , and $\{A^{N_{\lambda}} ; \lambda\in\Lambda\}$ is a directed set with respect to the inclusion relation (abbre.
$A=\bigcup_{\lambda}A^{N_{\lambda}}$ is a directed union). Then we call Now we shall prove first the following Proposition 1. 1. Let $G=G^{*}$ ( $i.e$ . $G$ is closed in $\hat{G}$ ). Then the $fol-$ lowing are equivalent:
(i) $\{\sigma(x);a\in G\}$ is finite for any $x$ in $A$ .
(ii) $G$ is compact. . For any finite subset $\{\lambda_{1}, \cdots, \lambda_{n}\}$ of $\Lambda$ , there is an element $\lambda_{0}$ of $\Lambda$ such that $T_{\lambda_{0}}\supseteq\bigcup_{i}T_{i_{i}}$ . Then $K_{\lambda_{0}}\subseteq\bigcap_{i}K_{i_{i}}$ , and so $\emptyset\neq K_{\lambda_{0}}-U\subseteq\bigcap_{i}K_{\lambda_{i}}$ $-U=\bigcap_{i}(K_{\lambda_{i}}-U)$ . Thus $\{K_{\lambda}-U;\lambda\in\Lambda\}$ has finite intersection property. Since $G$ is compact, we have $\bigcap_{\lambda}(K_{\lambda}-U)\neq\emptyset$ . If $\rho$ is in $\bigcap_{\lambda}(K_{\lambda}-U)$ then $\rho\in G^{T}$ and $\rho(a)\neq a$ . Therefore $a\not\equiv^{\wedge}A^{If}$ , where $K=G^{T}$ . Thus $A''=T$ . Hence $T$ is a fixed subring of $A$ with respect to G.
$(iii)\Rightarrow(i)$
Let $H$ and $K$ be fixed subgroups of $G$ such that $(G:H)<\infty$ and $(G:K)<\infty$ . Then $H\cap K$ is also a fixed subgroup of $G$ with $(G:H\cap K)<\infty$ . Therefore Proof. Put $T=A^{N}$ . Evidently $A^{N}$ } $=T$ . Since $G$ is dense in $G_{1}$ and $T_{B}$ is finitely generated, there holds $G|T=G_{1}|T$. Therefore $T$ is $G_{1}$ -invariant, $N_{1}\triangleleft G_{1}$ , and $(G_{1} : N_{1})<\infty$ . There are elements $a_{1},$ $\cdots,a_{n}$ ; $a_{1}^{*},$ $\cdots,a_{n}^{*}$ in $T$ such that $\sum_{i}a_{i}\cdot\sigma(a_{i}^{*})=\delta_{N,\sigma}$ for all $\sigma$ in $G$ . If $\tau$ is in $G_{1}-N_{1}$ then $\tau|T=\rho|T$ for 
Proof. (1 is finitely generated and projective (cf. [3] ). (2) $j^{*^{-1}}$ is the mapping such that $j^{*^{-1}}(f)=\sum_{i}f(t_{i})(\sum_{k}u_{\sigma_{l}})t_{i}^{*}(f\in Hom(T_{B}, A_{B}))$ . The second part will be easily seen. (3) The equivalence (i) a (iii) is easy from (2 (iii) Any finite subset of $T$ has a G-separable cover which is contained in $T$ .
Next we shall proceed to the characterization of locally finite outer Galois extensions. (1) $\sum_{i}t_{i}\cdot a(t_{i}^{*})=\delta_{H,\sigma}$ for all $\sigma$ in $G$ .
(2) $A^{H}=T,$ $(G:H)<\infty$ , and $T/B$ is a projective Frobenius extension. 
Proof. (1) follows from [22; Prop. 1.2] , and (2) is obvious by (1) and Prop. 1.4. (3) It will be easily seen that 
, and so $0=\tau(\Sigma_{\ell}t_{K:H}(t_{i})_{T^{-1}}\rho(t_{\ell}^{*}))=\Sigma_{i}\tau(t_{K:H}(t_{i}))\rho(t_{i}^{*})$ . Thus, by [22; Prop. Proof.
be a representation of the locally finite G-Galois extension $A/B$. Then any finite subset $F$ of $A$ is contained in some $A^{N_{\mu}}(\mu\in\Lambda)$ . By [22; Th. 1.5 
is $(B, T_{0})$ -projective and that $G|T_{0}$ is strongly distinct. Then, by [22; Th. 2.6] , $T_{0}$ is a fixed subring of the finite outer $G/N_{\mu}$ -Galois extension Frobenius extension, and $G|A^{N}$ is strongly distinct. Then, by the assumption for $T,$ (A) $(A^{N})|_{(A\vee)}T$, so that $t_{N:ff}(c)=1$ for some $c$ in $T$ (Prop. 1. 11 (3) ). Put $t_{i}^{\prime}=t_{N:B}(t_{i})$ and $t_{i}^{*}'=t_{N:H}(t_{i}^{*}c)$ . Then, $t_{i}^{\prime},$ $t_{i}^{*}'\in A^{N}$ , and $\sum_{i}t_{i}^{\prime}\cdot a(t_{i}^{*})=\delta_{N,\sigma}$ for all
is finitely generated, we conclude that $A/B$ is a locally finite G-Galois extension. Proposition 1. 13. Let $A^{*}\supseteq T\supseteq B^{*}$ be rings such that . Then, by [22; Prop. 1.2] , $\sum_{i}f_{h}(t_{i})f_{k}(a_{i}^{*})=\delta_{h,k}$ for all Then the following are equivalent:
(ii) $T\supseteq S,$ $T/B$ is a separable extension, and $T_{B}$ is finitely generated.
Proof. [27] ). Then $u_{1}=\Sigma_{i}r_{t}hl_{i}=\Sigma_{f}r_{i}\Sigma_{\tau}\epsilon Ha_{f}\cdot\tau(l_{i})u_{\tau}=\Sigma_{\tau}\epsilon H\Sigma_{i}r_{i}\cdot a_{\tau}\cdot\tau(l_{i})u_{\tau}$ , and so
. Thus $a_{1}$ is an invertible element in $C$ , and
is finite $G/N_{\mu}$-Galois, there are elements 
Thus we obtain $T=A^{H}$ . as desired. (iii) $T/B$ is a separable extension, and $G|T$ is stnngly distinct.
Proof.
is evident from Th. for some $\mu\in\Lambda$ , and then $N_{\mu}\subseteq N$ , $A^{N}=(A^{N_{\mu}})^{N/N_{\mu}}$ . Therefore, by [22; Prop. 5.7] , $A^{N}/B$ is finite $(G/N_{\mu})/(N/N_{\mu})-$ Galois, or equivalently, finite $G/N$-Galois. Accordingly, $A^{N}/A^{NK}$ is finite $NK/N$-Galois, or equivalently, finite $K/(K\cap N)$ -Galois. $K/(K\cap N)$ may be considered as a finite group of automorphisms of $A^{K\cap N}$ , because $K\cap N\triangleleft K$ . Then $A\cap N/A^{K}$ is finite $K/(K\cap N)$ -Galois. (2) By (1) [4; Th. 1. 3] and [22; Th. 5. 1 (2) Proof. This follows from [22; Prop. 6.4 and Prop. 6.5] and Prop. 2.8.
$A/B$ is called a completely outer G-Galois extension if $G$ is finite and completely outer (cf. [22] ). Proof. [22; Prop. 6. 3] . $(vii)\Rightarrow(i)$ By assumption, End $(_{A\otimes_{Z_{0}}A^{0}}\Delta)\simeq\oplus_{\sigma\epsilon e}$ End $(_{A\otimes_{Z_{0}}A^{0}}Au_{\sigma})$ (external direct sum as rings). To be easily seen, End $(A\otimes_{Z_{0}}A^{0}Au_{\sigma})\simeq C$ , which is commutative. Hence End $(A\otimes_{Z_{0}}A^{0}\Delta)$ is a commutative ring. Then, by S. 1 and S. 3, $ A\otimes_{Z_{0}}A^{0}\Delta$ is finitely generated and projective. Hence $A\otimes_{Z_{0}}A^{0}A$ is finitely generated and projective, that is, $A/Z_{0}$ is separable. Let $f$ be the projection from $\Delta$ to $Au_{1}$ with respect to the decomposition $\Delta=\sum_{\sigma}\oplus Au_{a}$ . Then, since End $(_{A\otimes_{Z_{Q}}A^{0}}\Delta)$ is commutative, $f$ is in the center of $A\otimes_{Z_{0}}A^{0}$ (cf. S. 1). By [2; Prop. 1.5] , the center of $A\otimes_{Z_{0}}A^{0}$ is $C\otimes C$ , so that $f$ is written as $f=$ $\Sigma_{i}a_{l}\otimes a_{i}^{*}(a_{i}, a_{i}^{*}\in C)$ . Then, $u_{1}=\Sigma_{i}a_{i}(\Sigma_{a}u_{\sigma})a_{i}^{*}(=\Sigma_{\sigma}(\Sigma_{i}a_{i}\cdot\sigma(a_{i}^{*}))u_{\sigma})$ , and hence $\sum_{i}a_{i}\cdot a(a_{i}^{*})=\delta_{1.\sigma}$ . This completes the proof of the theorem.
Pemark. The following are also equivalent to (i) ( $\leftrightarrow$ (iii)).
(viii) $A/C$ is separable, and $C/Z_{0}$ is G-Galois (cf. Kanzaki [8] ).
(ix) $A/B$ is outer G-Galois, and $B/Z$ is separable. Proof. Let $a$ be an element of $A$ such that $ab=0$ . Then $Aab=0$ , and A left Goldie ring has $a$ complete left quotient ring which is a semisimple ring with minimum condition for left ideals, and conversely (Goldie [17] Remark. In the following cases, the condition that $B$ is semi-prime is superfluous.
(1) $G$ is finite and completely outer (cf. [22; p. 132] ).
(2) $B$ is contained in the center of $A$ .
Let $T$ be $a$ ring. If T-left modules $M$ and $N$ have no non-zero isomorphic subquotients, we say that $TM$ and $TN$ are unrelated (cf. [22] ). is $a$ B-algebra, canonically. By [22; Cor. to Th. The following lemma is of some interest.
